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1 Line Integrals
Given a differentiable curve C' parametrized by

() = (x(t),y(t), 2(t), a<t<b

L ds = Lb 7(t)| dt.

Given a scalar function (density) f(z,y, 2), the line integral of f along C (mass)
is

the arc length of C is

b
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Given a vector (force) field F(z,y,z) and an orientation (direction) for C, the
line integral of F along C' (work) is
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Remark. Note that

dr dy dz

A dt = (&Y 2
mi(t) dt’ dt’ dt

dt = {dx,dy, dz).

Thus, letting ﬁ(x, y,z) = (P(z,y,2),Q(zx,y, 2), R(x,y, z)), equation (|1)) can also
be written

J Pdr+Qdy+ Rdz.
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2 Surface Integrals
Given a surface S parametrized by

M(u,v) = (x(u,v), y(u,v), z(u,v)), (u,v)€ D



the surface area of S is

[[ as = [[ 17 x 7ot aa.
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In the special case that S is the graph z = g(z, y) then a simple parametrization

of Sis
m(x,y) = (&, y,9(x,y)), (v,y)eD

and its surface area is
[[ a5 = [[gew.00.~gptem. 1 aa = [[ oz + g3+ 14
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Given a scalar function (density) f(z,y,z), the surface integral of f over S
(mass) is

Jff ds = Jff(?(u, 0))|Fy X 7| dA.
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Given a vector (force) field F(z,y,z) and an orientation for S, the surface
integral of F' over S (flux) is

+
J‘[F ndS = J] Tu x TT [Py X Ty | dA = J‘[ ) (L7, x7,) dA.

(2)

The + is determined by the orientation of the surface S.
Remark. Letting dS =7 ds, equation can also be written

Hﬁdi
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3 Theorems

Theorem 3.1 (Fundamental Theorem for Line Integrals). Let C be a smooth
curve given by the vector function 7(t), a < t < b. Let f be a differentiable
function of two or three variables whose gradient vector V f is continuous on C.
Then

j Vf - di = f(7{(b)) — f(i{a).
C

Theorem 3.2 (Conervative vector field). Given a vector field F, there exists
a scalar function f such that F' = Vf if and only if F' is conservative. In two
dimensions, F(z,y) = (P(z,y), Q(z,y)) is conservative if
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2. The domain of F is simply connected. That is, the domain of F has “no
holes”.

In three dimensions, ﬁ(m,y,z) = (P(x,y,2),Q(x,y,2), R(z,y,z)) is conserva-
tive if

1. curl F = 0, and

2. The domain of F is R5.

Thus the content of this theorem is to give a way of knowing when a vector field
F has a potential function f.

Theorem 3.3 (Green’s Theorem). Let C be a positively oriented, piecewise-
smooth, simple closed curve in the plane and let D be the region bounded by C.
If P and @ have continuous partial derivatives on an open region that contains

D, then
§de+Qdy=Jj a—Q—a—P dA.
or 0Oy
D
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Theorem 3.4 (Stokes’ Theorem). Let S be an oriented piecewise-smooth sur-
face that is bounded by a simple, closed, piecewise-smooth boundary curve C'
with positive orientation. Let F be a vector field whose components have con-
tinuous partial derivatives on an open region in R? that contains S. Then

f F.di = Jqurlﬁ'd§.
c
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Theorem 3.5 (Divergence Theorem). Let E be a simple solid region and let S
be the boundary surface of F, given with positive (outward) orientation. Let F
be a vector field whose component functions have continuous partial derivatives
on an open region that contains E. Then

JSJF -dS = J]ﬂ div F dV.
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