SECTION 6.1 INTEGRATION BY PARTS = 311

As in Example 4, we solve this equation for the desired integral by taking the last
term on the right side to the left side. Thus we have

nj sin"xdx = —cos xsin" 'x + (n — 1) f sin" %x dx
s 1 son—1 n-— 1 s oan—2
or sin"x dx = ——cos xsin"” 'x + sin" “x dx [ |
n n

The reduction formula (7) is useful because by using it repeatedly we could even-
tually express | sin"x dx in terms of | sin x dx (if n is odd) or [ (sin x)’dx = | dx (if

n is even).

] 6.1 | EXERCISES

I-2 = Evaluate the integral using integration by parts with the
indicated choices of u and dv.

l. jxlnxdx; u=Inx, dv=xdx

2. j 0 sec’0dO; u= 06, dv = sec’0db

3-24 = Evaluate the integral.

3. f X cos Sx dx 4. f xe " dx

5. jre’/2 dr 6. J tsin 2t dt
7. fxz sin 7mx dx 8. fxz cos mx dx
9. jln(Zx + 1) dx 10. J p’Inpdp
1. farctan4tdt 12. fﬁe’dt

I3, je”sinz.eda 14, J ¢ ?cos 20 d6

I5. L’tsin 31 dr 16. fo' (x> + De™ dx
l -

17. | zzx dx 18 [*Viincar
1y V3

19. L ;dy 20. fl arctan(1/x) dx
12 M rl

21. J;) sin”'x dx 22. JO ﬁd}’

r

23. jlz (In x)* dx 24. fol e*sin(t — s) ds

25-28 = First make a substitution and then use integration by
parts to evaluate the integral.

25. Jsin \/;dx

26. J x> cos(x?) dx

VT s 2 4 Jx
27. fme cos(6%) do 28. fl eV dx

29. (a) Use the reduction formula in Example 6 to show that

sin 2x
4

jsinzxdx=%— +C

(b) Use part (a) and the reduction formula to evaluate
| sin*x dx.

30. (a) Prove the reduction formula

"2x dx

1 .
f cos"x dx = — cos" x sin x + [ cos
n J

(b) Use part (a) to evaluate | cos’x dx.
(¢) Use parts (a) and (b) to evaluate | cos*x dx.

31. (a) Use the reduction formula in Example 6 to show that
w2 . n—1 a2
f sin"x dx = 7f sin"” “x dx
0 n 0

where n = 2 is an integer.

(b) Use part (a) to evaluate |7/ sin’x dx and |

(c) Use part (a) to show that, for odd powers of sine,

sin’x dx.

o R )
f/z sin®"*x dx = "
0 3.5.7.....(2n+1)
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32. Prove that, for even powers of sine,

3.5.....(2,1_1)1
246G+ ---+2n 2

/2 . 1
joﬂ sin®"x dx =

33-36 = Use integration by parts to prove the reduction
formula.

33. f (In x)"dx = x(In x)" — nf (In x)"'dx
34. jx”e"dx = x"e* — njx”"e"dx

35. “()c2 + a®)"dx

x(x* + a?)" 2na*

= + Pta’)tdx (n# =
0+ 1 2n+1-[(x @) (v =
tanx sec" >x  n — 2 5
36. fsec”x dx = + sec” “x dx
J n—1 n—1
(n#1)

37. Use Exercise 33 to find | (In x)* dx.
38. Use Exercise 34 to find | xte” dx.

39. Find the average value of f(x) = x?In x on the
interval [1, 3].

40. A rocket accelerates by burning its onboard fuel, so its
mass decreases with time. Suppose the initial mass of
the rocket at liftoff (including its fuel) is m, the fuel is
consumed at rate r, and the exhaust gases are ejected with

6.2

)

41.

42.

43.

constant velocity v, (relative to the rocket). A model for the
velocity of the rocket at time 7 is given by the equation

m —rt

v(f) = —gr — veln

where g is the acceleration due to gravity and ¢ is not too
large. If g = 9.8 m/s%, m = 30,000 kg, r = 160 kg/s, and
v. = 3000 m/s, find the height of the rocket one minute
after liftoff.

A particle that moves along a straight line has velocity
o(t) = 1" meters per second after ¢ seconds. How far will
it travel during the first # seconds?

If £(0) = g(0) = 0 and f” and g" are continuous, show that

[ 1(009"(x) dx = fla)g (@) ~ fl@)gla) + [ F'()g(x) dx

Suppose that f(1) = 2, f(4) =7, f'(1) =5, f'(4) = 3,
and f" is continuous. Find the value of |14 xf"(x) dx.

. (a) Use integration by parts to show that

[ 1) dx =7 = [ ef (o) dx

(b) If f and g are inverse functions and f’ is continuous,
prove that

(700 dx = @) = aft@) = [ g(3) dy
[Hint: Use part (a) and make the substitution y = f(x).]
(c) In the case where f and g are positive functions and
b > a > 0, draw a diagram to give a geometric interpre-
tation of part (b).
(d) Use part (b) to evaluate [ In x dx.

TRIGONOMETRIC INTEGRALS AND SUBSTITUTIONS

In this section we look at integrals involving trigonometric functions and integrals that
can be transformed into trigonometric integrals by substitution.

TRIGONOMETRIC INTEGRALS

Here we use trigonometric identities to integrate certain combinations of trigonometric
functions. We start with powers of sine and cosine.

EXAMPLE | Evaluate j cos’x dx.

SOLUTION Simply substituting # = cos x isn’t helpful, since then du = —sin x dx.
In order to integrate powers of cosine, we would need an extra sin x factor. Similarly,
a power of sine would require an extra cos x factor. Thus here we can separate one
cosine factor and convert the remaining cos’x factor to an expression involving sine



