the distances PQ and PR the same? Use this fact, together
with the Distance Formula, to show that the coordinates of P
Vx? + (y — 1)% Simplify this
equation using the fact that x> + y> = 1. Solve the simplified

satisfy the equation 2y =

equation to find P(x, y).

SECTION 5.2 = Trigonometric Functions of Real Numbers 409

62. DISCOVER = PROVE: Finding the Terminal Point for /3
Now that you know the terminal point determined by
t = /6, use symmetry to find the terminal point determined
by r = 7/3 (see the figure). Explain your reasoning.

Y

PN TRIGONOMETRIC FUNCTIONS OF REAL NUMBERS

The Trigonometric Functions Values of the Trigonometric Functions
Fundamental Identities

FIGURE 1

A function is a rule that assigns to each real number another real number. In this section
we use properties of the unit circle from the preceding section to define the trigonomet-
ric functions.

The Trigonometric Functions

Recall that to find the terminal point P(x,y) for a given real number ¢, we move a
distance | 7| along the unit circle, starting at the point (1, 0). We move in a counter-
clockwise direction if 7 is positive and in a clockwise direction if 7 is negative (see
Figure 1). We now use the x- and y-coordinates of the point P(x,y) to define several
functions. For instance, we define the function called sine by assigning to each real
number ¢ the y-coordinate of the terminal point P(x, y) determined by z. The functions
cosine, tangent, cosecant, secant, and cotangent are also defined by using the coordi-
nates of P(x,y).

DEFINITION OF THE TRIGONOMETRIC FUNCTIONS

Let ¢ be any real number and let P(x, y) be the terminal point on the unit circle
determined by 7. We define

sinf =y CoSt = x tanr == (x#0)

= =

1 1
csth; (y #0) sect = (x#0) cott = (y #0)

Because the trigonometric functions can be defined in terms of the unit circle, they
are sometimes called the circular functions.
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Trigonometric Functions: Unit Circle Approach

YA
&
0 1 x
FIGURE 2
YA
PO, 1)
=73
0 1 x
FIGURE 3

We can easily remember the sines
and cosines of the basic angles by
writing them in the form V/m /2:

t sin ¢ cos t
0 V0/2 V4/2
/6 V1/2 V3/2
/4 V2/2 V2/2
/3 V3/2 Vi/2
/2 V4a/2 V0/2

EXAMPLE 1 = Evaluating Trigonometric Functions
Find the six trigonometric functions of each given real number 7.
T T
t=— b) t =
(@ 3 (b) >
SOLUTION

(a) From Table 1 on page 404, we see that the terminal point determined by ¢ = /3
is P(5, V/3/2). (See Figure 2.) Since the coordinates are x = 5 and y = V/3/2,

we have
T V3 T 1 a V32
sm3 5 cos3 > an3 12 V3
T 2V3 T T 1/2 V3
csC — = —— sec — =2 cot —=———-=—
3 3 3 3 V32 3

0
cotz=*=0

2 1

(b) The terminal point determined by 7/2 is P(0, 1). (See Figure 3.) So
1
— =1
1

n T =1 T_o ™ _
s ) Cos ) CSC >

But tan 77/2 and sec 7r/2 are undefined because x = 0 appears in the denominator
in each of their definitions.

® . Now Try Exercise 3 |

Some special values of the trigonometric functions are listed in the table below. This
table is easily obtained from Table 1 of Section 5.1, together with the definitions of the
trigonometric functions.

SPECIAL VALUES OF THE TRIGONOMETRIC FUNCTIONS

The following values of the trigonometric functions are obtained from the
special terminal points.

TABLE 1

t |sint cost tant csct sect cott
0 0 1 0 — 1 —
B2 £ & 2
g 2 1 V2 V2 1
s V3 V3 V3
Iy 2 v3ix 2 ¥
z 1 0 — 1 — 0

Example 1 shows that some of the trigonometric functions fail to be defined
for certain real numbers. So we need to determine their domains. The functions sine and
cosine are defined for all values of 7. Since the functions cotangent and cosecant have y
in the denominator of their definitions, they are not defined whenever the y-coordinate
of the terminal point P(x, y) determined by ¢ is 0. This happens when ¢ = n7 for any
integer 7, so their domains do not include these points. The functions tangent and secant
have x in the denominator in their definitions, so they are not defined whenever x = 0.
This happens when ¢ = (7/2) + nr for any integer n.

(text continues on page 412)
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SECTION 5.2 = Trigonometric Functions of Real Numbers

Relationship to the Trigonometric

Functions of Angles

If you have studied the trigonometry of right trian-
gles in Chapter 6, you are probably wondering how
the sine and cosine of an angle relate to those of this
section. To see how, let’s start with a right triangle,

AOPQ.
P
0

hyp PP

Do
e

(0]
Right triangle OPQ

Place the triangle in the coordinate plane as
shown, with angle 6 in standard position.

P’(x, y) is the terminal
point determined by z.

The point P'(x, y) in the figure is the terminal
point determined by t. Note that triangle OPQ is
similar to the small triangle OP'Q’ whose legs have
lengths x and y.

Now, by the definition of the trigonometric func-
tions of the angle 6 we have

_opp _PQ_P'Q’
sinf=——=—=

hyp OP  OP’

=Y_

1 y

adj 0Q 0Q’'
sl =—=—=

hyp OP OP’

X
oy
1

By the definition of the trigonometric functions of
the real number t, we have

sint =y cost =x

Now, if 6 is measured in radians, then 6 =t
(see the figure). So the trigonometric functions of
the angle with radian measure 6 are exactly the
same as the trigonometric functions defined in
terms of the terminal point determined by the real
number t.

The radian measure
of angle 0 is t.

Why then study trigonometry in two different
ways? Because different applications require that we
view the trigonometric functions differently. (Com-
pare Section 5.6 with Sections 6.2, 6.5, and 6.6.)
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The following mnemonic device will
help you remember which trigonometric
functions are positive in each quadrant:
All of them, Sine, Tangent, or Cosine.

YA

Sine Al

=Y

Tangent Cosine

You can remember this as “All
Students Take Calculus.”

Trigonometric Functions: Unit Circle Approach

DOMAINS OF THE TRIGONOMETRIC FUNCTIONS

Function Domain

sin, cos All real numbers

tan, sec All real numbers other than g + nm for any integer n
cot, csc All real numbers other than nr for any integer, n

Values of the Trigonometric Functions

To compute values of the trigonometric functions for any real number ¢, we first deter-
mine their signs. The signs of the trigonometric functions depend on the quadrant in
which the terminal point of 7 lies. For example, if the terminal point P(x, y) determined
by ¢ lies in Quadrant III, then its coordinates are both negative. So sin ¢, cos f, csc £, and
sec t are all negative, whereas tan ¢ and cot 7 are positive. You can check the other entries
in the following box.

SIGNS OF THE TRIGONOMETRIC FUNCTIONS

Quadrant Positive Functions Negative Functions
I all none
1I sin, csc cos, sec, tan, cot
111 tan, cot sin, csc, cos, sec
I\ COS, Sec sin, csc, tan, cot

For example cos(27/3) < 0 because the terminal point of = 27r/3 is in Quadrant II,
whereas tan 4 > 0 because the terminal point of ¢+ = 4 is in Quadrant III.

In Section 5.1 we used the reference number to find the terminal point determined
by a real number ¢. Since the trigonometric functions are defined in terms of the
coordinates of terminal points, we can use the reference number to find values of
the trigonometric functions. Suppose that 7 is the reference number for ¢. Then
the terminal point of 7 has the same coordinates, except possibly for sign, as the
terminal point of 7. So the value of each trigonometric function at ¢ is the same,
except possibly for sign, as its value at 7. We illustrate this procedure in the next
example.

EVALUATING TRIGONOMETRIC FUNCTIONS FOR ANY REAL NUMBER

To find the values of the trigonometric functions for any real number 7, we carry
out the following steps.
1. Find the reference number. Find the reference number 7 associated with ¢.

2. Find the sign. Determine the sign of the trigonometric function of # by noting
the quadrant in which the terminal point lies.

3. Find the value. The value of the trigonometric function of ¢ is the same,
except possibly for sign, as the value of the trigonometric function of 7.
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SECTION 5.2 = Trigonometric Functions of Real Numbers 413

EXAMPLE 2 = Evaluating Trigonometric Functions

Find each value.
2 19
(a) cos ?77 (b) tan(— Z) (¢) sin TW

SOLUTION

(a) The reference number for 277/3 is 7/3 (see Figure 4(a)). Since the terminal point
of 27r/3 is in Quadrant II, cos(27/3) is negative. Thus
21 T 1

COS?: —COSEI —5

Sign  Reference From Table 1
number (page 410)

y YA
o
=3 3
0 X
FIGURE 4 (a) (b) ©

(b) The reference number for —/3 is /3 (see Figure 4(b)). Since the terminal point
of —/3 is in Quadrant IV, tan(—/3) is negative. Thus

T o
an( 3) an V3

Sign  Reference From Table 1
number (page 410)

(¢) Since (197/4) — 47 = 31/4, the terminal points determined by 1977/4 and
37 /4 are the same. The reference number for 37/4 is 7/4 (see Figure 4(c)). Since
the terminal point of 377/4 is in Quadrant II, sin(37/4) is positive. Thus

. 197 37w .7 V2
sin—— =sin—— = +sln — = ——
4 4 4 2
Subtract 47 Sign Reference From Table 1

number  (page 410)

® . Now Try Exercise 5 |

So far, we have been able to compute the values of the trigonometric functions only
for certain values of 7. In fact, we can compute the values of the trigonometric func-
tions whenever ¢ is a multiple of 7/6, 7/4, /3, and 7/2. How can we compute the
trigonometric functions for other values of #? For example, how can we find sin1.5?
One way is to carefully sketch a diagram and read the value (see Exercises 37-44);
however, this method is not very accurate. Fortunately, programmed directly into
scientific calculators are mathematical procedures (see the margin note on page 433)
that find the values of sine, cosine, and tangent correct to the number of digits in the
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FIGURE 5

Even and odd functions are defined in
Section 2.6.

Trigonometric Functions: Unit Circle Approach

display. The calculator must be put in radian mode to evaluate these functions. To find
values of cosecant, secant, and cotangent using a calculator, we need to use the follow-
ing reciprocal relations:

e = —— sect= —— cotr = ——
1n ¢ CcoS ¢ tan ¢

These identities follow from the definitions of the trigonometric functions. For in-
stance, since sin # =y and csc ¢ = 1/y, we have csc¢ = 1/y = 1/(sint). The others
follow similarly.

EXAMPLE 3 = Using a Calculator to Evaluate Trigonometric Functions
Using a calculator, find the following.
(a) sin 2.2 (b) cos 1.1 (c) cot28 (d) csc 0.98

SOLUTION Making sure our calculator is set to radian mode and rounding the results
to six decimal places, we get

(a) sin 2.2 = 0.808496 (b) cos 1.1 = 0.453596

1 1
t28 = ——— =~ —3.553286 d 0.98 = ——— =~ 1.204098
() co tan 28 (@ csc sin 0.98
. Now Try Exercises 39 and 41 |

Let’s consider the relationship between the trigonometric functions of 7 and those of
—t. From Figure 5 we see that

sin(—¢) = —y = —sin¢
cos(—1) = x = cost

tan(—t) = —TY

Y
—— = —tant
X

These equations show that sine and tangent are odd functions, whereas cosine is an even
function. It’s easy to see that the reciprocal of an even function is even and the recipro-
cal of an odd function is odd. This fact, together with the reciprocal relations, completes
our knowledge of the even-odd properties for all the trigonometric functions.

EVEN-ODD PROPERTIES

Sine, cosecant, tangent, and cotangent are odd functions; cosine and secant are
even functions.

sin(—7) = —sin ¢ cos(—1) = cos ¢ tan(—1) = —tan ¢
csc(—t) = —csct sec(—t) = sect cot(—1) = —cot ¢
EXAMPLE 4 = Even and Odd Trigonometric Functions

Use the even-odd properties of the trigonometric functions to determine each value.

. wT T
(a) sin (— 6) (b) cos (— 4)
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SECTION 5.2 = Trigonometric Functions of Real Numbers 415

SOLUTION By the even-odd properties and Table 1 on page 410, we have

@) si ( 77) inZ = -1 Sincisodd
a) sinf—— | = —sin—= —— Sine is
6 6 2 € 1S 0dd
(b) ( 77) T V2 Cosine |
COS| —— = COS— = — _0SsIne 1S even
4 4 2
® . Now Try Exercise 13 |

Fundamental Identities

The trigonometric functions are related to each other through equations called trigono-
metric identities. We give the most important ones in the following box.*

FUNDAMENTAL IDENTITIES

Reciprocal Identities

1 sin ¢ cos t
csct=-— sect=—— cott=— tant = cotr = —
sin cos tan ¢ cos t sin ¢
Pythagorean Identities
sin’t + cos’t = 1 tan’s + 1 = sec’t 1 + cot’t = csc’t

Proof The reciprocal identities follow immediately from the definitions on page 409.
We now prove the Pythagorean identities. By definition cos t = x and sin # = y, where
x and y are the coordinates of a point P(x, y) on the unit circle. Since P(x, y) is on
the unit circle, we have x> + y> = 1. Thus

sin’t + cos’t = 1
Dividing both sides by cos®t (provided that cos ¢ # 0), we get

sin?r cos’t 1

cos’t  cos’t  cos’t

(sint>2 ( 1 >2
+1=(—
cos t cos t

tan’r + 1 = sec’t

We have used the reciprocal identities sin #/cos ¢ = tan ¢ and 1/cos t = sec ¢. Simi-
larly, dividing both sides of the first Pythagorean identity by sin’# (provided that
sin t # 0) gives us 1 + cot’t = csc’t. |

As their name indicates, the fundamental identities play a central role in trigonom-
etry because we can use them to relate any trigonometric function to any other. So if we
know the value of any one of the trigonometric functions at ¢, then we can find the
values of all the others at 7.

EXAMPLE5 = Finding All Trigonometric Functions from the Value of One

If cos r = 2 and ¢ is in Quadrant IV, find the values of all the trigonometric functions at 7.

*We follow the usual convention of writing sin®# for (sin ¢)?. In general, we write sin"t for (sin ¢)" for all
integers n except n = — 1. The superscript n = —1 will be assigned another meaning in Section 5.5. Of
course, the same convention applies to the other five trigonometric functions.
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SOLUTION From the Pythagorean identities we have
The Value of = - )
The number 77 is the ratio of the circum- sin“t + cos™t = 1
ference of a circle to its diameter. It has

in? 32 = stitute cos f = 2
been known since ancient times that this s’z + (5) 1 Substitute cos ¢ = 5
ratio is th.e same for all circles.Thg first sin2t=1— 2% — % Solve for sinz
systematic effort to find a numerical
approximation for 7r was made by sint = i% Take square roots
Archimedes (ca. 240 8.c.), who proved i .
that 2 < 7 < 22 by finding the perime- Since this point is in Quadrant IV, sin ¢ is negative, so sint = —3. Now that we know
ters of regular polygons inscribed in and both sin 7 and cos ¢, we can find the values of the other trigonometric functions using
circumscribed about a circle. the reciprocal identities.
- 4 o3 g = St -3 4
sinft = —— CoST1T = — ant = = = —=
5 5 cos t 3 3
1 5 1 1 3
csCt=—= —— sect = = — cott=——= ——
sin t 4 cost 3 tan ¢ 4
In about A.D. 480, the Chinese physicist N .
Tsu Ch’ung-chih gave the approximation < Now Try Exercise 63 [ |
7~ 33 =3141592...
which is correct to six decimals. This .. . . .
remained the most accurate estimation EXAMPLE 6 = Writing One Trigonometric Function
of 7 until the Dutch mathematician in Terms of Another
Adrianus Romanus (1593) used polygons
with more than a billion sides to compute Write tan 7 in terms of cos ¢, where ¢ is in Quadrant III.

71 correct to 15 decimals. In the 17th cen- . . . . .
tury, mathematicians began to use infinite SOLUTION Since tan ¢t = sin t/cos t, we need to write sin ¢ in terms of cos z. By the

series and trigonometric identities in the Pythagorean identities we have

quest for 77. The Englishman William . )

Shanks spent 15 years (1858-1873) using sin“t + cos”t = 1

these methods to compute 7 to 707 deci- .o, P .

mals, but in 1946 it was found that his sin“z = 1 — cos’z Solve for sin"t

figures were wrong begi.nning W.ith the sint = =V1 — cos’t Take square roots

528th decimal. Today, with the aid of com-

puters, mathematicians routinely deter- Since sin ¢ is negative in Quadrant III, the negative sign applies here. Thus
mine 7 correct to millions of decimals. In

fact, mathematicians have recently devel- sint —V1 — cos’t

oped newglgorithms that can be pro- tan 7 = cos 1 = cos 1

grammed into computers to calculate 7

to many trillions of decimal places. ® . Now Try Exercise 53 [ |

5.2 EXERCISES

CONCEPTS circle in the figure. In Exercise 3, ¢ increases in increments of
ar/4; in Exercise 4, ¢ increases in increments of /6. (See Exer-

1. Let P be the terminal point on the unit circle deter-
et P(x, y) be the terminal point on the unit circle deter cises 21 and 22 in Section 5.1.)

mined by t. Thensint = ___  cost=___ |
and tanr =
2. If P(x, y) is on the unit circle, then x> + y* =

So for all 7 we have sin®¢ + cos’*t =

SKILLS

3-4 m Evaluating Trigonometric Functions Find sin 7 and cos ¢
for the values of r whose terminal points are shown on the unit
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5-22 = Evaluating Trigonometric Functions

Find the

exact value of the trigonometric function at the given real

number.

7
.5 (a) sin—

S5
6. in—
(a) sin 3

117
7. in——
(a) sin 7

19
8. (a) cosl

6

3
9. —
(a) cos 4

3
10. (a) sin ——

11. (a) sin—

12. —
(a) csc 4

TS _m
<13. (a) cos( 3)

ar
14. (a) tan(—z

15. (a) cos(—

16. (a) sin(—%)

17. (a) csc
18. (a) sec —

19. (a) sin—

2
20. (a) cscg

21. (a) sin 137

25
22. (a) sinTW

23-26 m Evaluating Trigonometric Functions

177
b -
(b) cos 6

11
b -
(b) cos 3

(b) sin(— %)

(b) c0s< %T

S5
(b) cos T
(b) sin 51
(b) csc —

(b) sec T

=

wol 3

e

e

wel2)
2

(b) sec( 5?77)

(b) cos 14

251
b -
(b) cos 2

T
tan —
(c) tan 5

S5
tan —
(c) tan 3

(¢) sin S

) oD

(¢) cos —
(c) sinh
(c) coth

(¢) tan Sl

(¢) sin (— %)
(¢) cot (— %)

(c) tan (—

(¢) cot (—

(¢) cot (— )

) (¢) tan (— 71)
6
T

(c) cot(—g)
(c) cos(lOTﬂ-)

(c) tan 157

251
ti
(¢) co >

Find the

value of each of the six trigonometric functions (if it is defined)
at the given real number 7. Use your answers to complete the

table.
23.t=0
25. t=1

24. t =

26. t =

l\)‘;f [

®.39. sin 1.2

® 41, tan 0.8 3

SECTION 5.2 = Trigonometric Functions of Real Numbers 417
t sint | cost | tant csct sec t cot ¢
0 0 1 undefined
g
T 0 undefined
37
2

27-36 m Evaluating Trigonometric Functions The terminal
point P(x, y) determined by a real number ¢ is given. Find sin ¢,
cos t, and tan t.

n (29) s (1)
5 5 2 2
. (-1222) o (L-25)
3 3 5 5
6 V13 40 9
3 <7’T 32 (H’H)
12
33. <—i,——) 34. (ﬁ &)
13 13 5° 5
20 21 2% 7
35 < 29’ 29) 36 (25’_25)

37-44 m Values of Trigonometric Functions Find an approxi-
mate value of the given trigonometric function by using (a) the
figure and (b) a calculator. Compare the two values.

37. sin 1 YA
38. cos 0.8 2

40. cos 5 0.5

P ST R N R
—————t——

42. tan(—1.3)
43. cos 4.1
44. sin(—5.2)

T T R R B ST
1

45-48 m Sign of a Trigonometric Expression Find the sign of
the expression if the terminal point determined by 7 is in the given
quadrant.

45. sin t cos t, Quadrant 1T 46. tan ¢ sec f, Quadrant IV

tan ¢ sin ¢

, Quadrant Il  48. cos rsect, any quadrant

cott

49-52 m Quadrant of a Terminal Point From the information
given, find the quadrant in which the terminal point determined
by ¢ lies.

49. sint > 0and cost <0
50. tans > 0O and sinr < 0
51. csct>0andsecr <0

52. cost<0Oandcottr <0
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53-62 m Writing One Trigonometric Expression in Terms of B(t) = 80 + 7 sin(mt/12), where ¢ is measured in hours
Another Write the first expression in terms of the second if the since midnight and B(#) in mmHg (millimeters of mercury).
terminal point determined by ¢ is in the given quadrant. Find this person’s resting diastolic blood pressure at
©.53. sint, cosf; Quadrant 1l 54. cost,sin#; Quadrant IV (@) 6:00 Am. (b) 10:30 .M. (¢) Noon (d) 8:00 P.M.
55. tant, sin¢; QuadrantIV  56. tanf, cos /; Quadrant ITI 81. Electric Circuit After the switch is closed in the circuit
shown, the current ¢ seconds later is I(¢) = 0.8¢ > sin 10r.
57. sect,tant; Quadrant I  58. csct, cott; Quadrant III Find the current at the times (a) 7 = 0.1 s and (b) 7 = 0.5 s.
59. tan ¢, sec t; Quadrant III  60. sin 7, sec f; Quadrant IV
L
61. tan’t, sin t; any quadrant r666\
" s ' L=10h
62. sec“tsin“t, cos t; any quadrant R=6X10°Q
C =917 uF
63-70 m Using the Pythagorean Identities Find the values of R c E=48 ><Ml 0V
the trigonometric functions of ¢ from the given information. ’
®.63. sint = — ¢, terminal point of 7 is in Quadrant IV | _—
|
64. cost = —5%, terminal point of ¢ is in Quadrant III '|I|I|I| S
E

65. sect = 3, terminal point of 7 is in Quadrant [V

66. tan7 =1 terminal point of 7 is in Quadrant IIT 82. Bungee Jumping A bungee jumper plummets from
a high bridge to the river below and then bounces back

over and over again. At time 7 seconds after her jump,

68. cscr=15, cost<O her height H (in meters) above the river is given by

H(r) = 100 + 75¢ " cos(% ). Find her height at the times
indicated in the table.

67. tant = —%, sint >0

69. sinr=—1 secr<o0

70. tant = —4, csct>0

t | H(t)
SKILLS Plus 0
71-78 m Even and Odd Functions Determine whether the func- 1
tion is even, odd, or neither. (See page 204 for the definitions of 2
even and odd functions.) 4
71. f(x) = x?sinx 72. f(x) = x cos 2x g
73. f(x) = sinxcosx 74. f(x) = sinx + cos x 12
75. f(x) = |x|cosx 76. f(x) = xsin’x
77. f(x) = x* + cos x 78. f(x) = cos(sin x)
APPLICATIONS DISCUSS DISCOVER PROVE WRITE
79. Harmonic Motion  The displacement from equilibrium 83. DISCOVER = PROVE: Reduction Formulas A reduction for-
of an oscillating mass attac.hed to a spring is given by . mula is one that can be used to “reduce” the number of terms
y(r) =4 cos 3wt w.here y is measured m 1nc.hes. and 1 n in the input for a trigonometric function. Explain how the
seconds. Find the displacement at the times indicated in figure shows that the following reduction formulas are valid:
the table. ) )
sin(t + ) = —sin¢ cos(t + ) = —cost
t | y(@) I I I I I tan(t + 7) = tant
0 =< <<=
- - >0
0.25 "TER B
4 &
050 | | e < Equilibrium, y = 0
0.75 -
1.00 [ y<0
1.25

80. Circadian Rhythms Everybody’s blood pressure
varies over the course of the day. In a certain individual
the resting diastolic blood pressure at time 7 is given by
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