n: 0

n: |

wsu

2

\L
f3= LIS ?L - 600

1700 Mathematical Modelling John Adamski, PhD

So far, we’ve looked at linear models of the form

Tpt1l = aTy + b

More general linear equations

Example 5. Suppose you borrow $1,000 from a loan shark that charges compound interest
every month. The structure of the loan is as follows: during the first month, the interest on
the loan is 5%; during the second month, the interest on the loan (plus the previous month’s
interest) is 10%; during the third month, the interest on the loan (plus the previous months’
interest) is 15%, etc.

1. Give a model for the amount owed at the end of each month if you never make any

payments.
= 1.0
x 1.0§ x1.10 x\.\§ ,‘)c 10§ ?0

.///——‘\\»://,———~\\'://f—-i\\b e ?L: \.\0 ?.
(W T, T b fs - LIS ?L

(. (1.05 + .OSrL\?m

IS Y

2. Give a model in the case that you payback $200 at the end of the first month, $400 at
the end of the second month, $600 at the end of the third month, etc.

Prosf, - oo ? : (1,o§+ .osm\?‘L - 200 (n+1)

1007 - 400 At

Definition 2. Allinear model is an iterative equation of the form
Tpyl = AnTp + by
where a,, and b,, are functions of n.

Definition 3. An'autonomous linear model is a linear model such that a,, = a and b,, = b are
constant, i.e.
T, = ax, + b.

jadamskil@fordham.edu 10
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Example 6. Identify a,, and b, is each of the following models.

xTo =
1 =1
To=2-1
25 =3-2-1
r4=4-3-2-1
z < (
xan aaxv\. * br\. x“*‘ m-\\)(“_

(IIQ:1

\
n=o0 .’171:1—1/2 xo‘,\: xo - L
n:@ ,x2:1—1/2+1/13  ex v
a1 r3=1-1/2+T/3=1/4 w3
n:y g =1-1/24+1/3-1/4+1/5 X oy -=
(=g * Y
= 4
xmv\ a"x" \)‘\
n+\ \
a1 c Y=
n \3‘\, \ n+ L
[ ]
_ 4dnz, —1
Tl T T
i« \
. 3 X : n n
X, = 0X, 4% AT 2
e Y
xn b
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Computing sums iteratively

N Lwean Mot
Z ¢ = ¢ + ¢ + ¢ + ... cN
5 5
n I —
S
™ TataL Sam ot .
15 S04 oF iyl S,

N Teamy

Carc I lwa 5 =

n=+n

60&«(\0&) D A MReL & A ELeNCEe

5,55 .

N

T SAlisries THe MmeC FaL AL YU

The sequence of partial sums S,,, 0 < n < N (Sp = 0) is a solution to the (non-autonomous)
linear equation
SnJrl = Sn + Cny1-

jadamskil@fordham.edu 12
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Example 7. Find an iterative equation for the sequence of partial sums of the series

N
1
Zln <1 + k) )
k=1

Then find an exact solution.

9 (1)
5 lafry) e WOrTY = S WD)

53: L“l”l\\ + LV\(H \1\4 Lv\lh-é\
51'* LV\“*.\Z\

[
AN (m \\l e\

SRR Y (R

N 1 K»\ o
;m(ug) : \ L Lv\ (k \ I-W(L\

K \
iuu\wuqx s uuﬂ \WM/Ekﬁ)
K=\ ° 1L o3
SRR mm\ e
=N

6“ : L “\\'f‘\
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Example 8. Find an iterative equation for the sequence of partial sums of the series

N
Sk
k=1
Then find an exact solution.

~ 8.0 b | 9,:0

\ 0

n
X =0 .

" Exact Suns: Fn)= &K
x =1 K=
XL:;’,

X, =6

\& N 15 EveN)

F,(n\‘ l+24+% « f!n-z,\s, [n_\\+ = (n\-\\ %

- —1
i

- + 4 “« "2'_' + + (n-\\+ w F n 1§ odd
:(n'\vl\z-\» 2 : L(n\*"\' 2
n
n (ax V)
P2 Sar
K=
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Find an iterative equation for the sequence of partial sums of the series

Then find an exact solution.

1

k2.

Hint:
(k+1)° =k +3k* + 3k + 1,
3 3 T
1 = 0O +53% 0 + 30« 1L
3 3 i
7 = ) £ 3- 3\ & 1\

3 1
6:1*6'7'*'3'7-*'3—

-3 5 v
+ (kay: o+ 3k« 3K+ L

M

K K N 1
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n<o n:o

K4l 3 K 3 K X
£ n z LY\ r 3 ar\
n:.\ nz\ n: \
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(§ D

k(e
L

3
(kY - 3

(KH\ ‘L(KH\‘L- ak - L

L
LCevere vy -3k -2

W eaks Y -3k - %

k=0,1,2,3,...
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y 3 S+ ke
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®
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(Iu-\\
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Proof without words:
Sum of squares

12422+ .- +nt=in(n+1)(n+3)

—MAN-KEUNG S1u
University of Hong Kong
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Proof without words:
Sum of cubes

P+2%+ o +n?=(1+42+ -+ +n)°

)
H

—AILAN L. Fry
University of North Carolina
at Greensboro
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