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So far, we’ve looked at linear models of the form

xn+1 = axn + b

More general linear equations

Example 5. Suppose you borrow $1,000 from a loan shark that charges compound interest

every month. The structure of the loan is as follows: during the first month, the interest on

the loan is 5%; during the second month, the interest on the loan (plus the previous month’s

interest) is 10%; during the third month, the interest on the loan (plus the previous months’

interest) is 15%, etc.

1. Give a model for the amount owed at the end of each month if you never make any

payments.

2. Give a model in the case that you payback $200 at the end of the first month, $400 at

the end of the second month, $600 at the end of the third month, etc.

Definition 2. A linear model is an iterative equation of the form

xn+1 = anxn + bn

where an and bn are functions of n.

Definition 3. An autonomous linear model is a linear model such that an = a and bn = b are

constant, i.e.

xn = axn + b.
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Example 6. Identify an and bn is each of the following models.

•

x0 = 1

x1 = 1

x2 = 2 · 1
x3 = 3 · 2 · 1
x4 = 4 · 3 · 2 · 1

•

x0 = 1

x1 = 1� 1/2

x2 = 1� 1/2 + 1/3

x3 = 1� 1/2 + 1/3� 1/4

x4 = 1� 1/2 + 1/3� 1/4 + 1/5

•
xn+1 =

4nxn � 1

2n + 1
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Computing sums iteratively

NX

i=1

ci = c1 + c2 + c3 + . . . cN

The sequence of partial sums Sn, 0  n  N (S0 = 0) is a solution to the (non-autonomous)

linear equation

Sn+1 = Sn + cn+1.
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Example 7. Find an iterative equation for the sequence of partial sums of the series

NX

k=1

ln

✓
1 +

1

k

◆
.

Then find an exact solution.
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Example 8. Find an iterative equation for the sequence of partial sums of the series

NX

k=1

k.

Then find an exact solution.
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Find an iterative equation for the sequence of partial sums of the series

NX

k=1

k2.

Then find an exact solution.

Hint:

(k + 1)3 = k3 + 3k2 + 3k + 1, k = 0, 1, 2, 3, . . .
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Readers can proceed similarly for the (0,2,0,1,6,2)-residue set associated with (113 l and 
(113)23, and the (0, 2,0,3,4,2)-residue set associated with (113)14, (113)17, and (113)25. 

Although considerable attention has been given to n3-configurations for the cases where 
n = 7, 8,9,10 (see [1], [5], [7]), there appears to be no reference in the recent literature to work 
done on the 113's about a century ago. Thus, our puzzle's focus on the case of n = 11 has the 
added benefit of summarizing and updating some important earlier results on the 113's. 
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Proof without words: 
Sum of squares 

12?22 + n2=Pn(n+1)(n+ 

S n+ 2 In 
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