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E] Definition A sequence {a,} has the limit L and we write

lim a, =L or a,— L as n—

n—o"

if we can make the terms a, as close to L as we like by taking n sufficiently large.
If lim, ... a, exists, we say the sequence converges (or is convergent). Otherwise,
we say the sequence diverges (or is divergent).
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@ Definition A sequence {a,} has the limit /. and we write

lim a, =L or a,— L as n— @

n—oe

if for every € > 0 there is a corresponding integer N such that
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[E] Definition lim, .. a, = % means that for every positive number M there is an
integer N such that

if n>N then a, > M
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@ Theorem Iflim,—.- f(x) = L andi_f(n) = a,,iwhen n is an integer, then

lim, - a, = L.
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@ The sequence {r"} is convergent if —1 < r =< 1 and divergent for all other
values of r.

lim r" =

n—>%

0 if -1 <r<l
1 if r=1
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If {a,} and {b,} are convergent sequences and c is a constant, then L
wel fluey B

lim (a, + b,) = lim a, + lim b, &.@»euu&
lim (a, — b,) = lim a, — lim b,
lim ca, = ¢ lim a, lim ¢ = ¢
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lima} = [lim a,,]” if p>0anda, >0
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Ifa,<b, < c,forn = nyand lim a, = limc¢, = L, then lim b, = L.
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(6] Theorem If lim |a,| = 0, then lim a, = 0.
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Theorem If lim a, = L and the function f is continuous at L, then

lim f(a,) = f() \
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Qa

Definition A sequence {a,} is called increasing if a, < a,+ for all n

= 1,
that is, a, < a,» < ay < ---. Itis called decreasing if a, > a,., foralln = 1.
A sequence is monotonic if it is either increasing or decreasing.
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Definition A sequence {a,} is bounded above if there is a number M
such that

a, =M foralln = 1 M e Doy c,e.u,m)(a\

It is bounded below if there is a number m such that

m= a, foralln = 1 m Lowen. Txun ( FlLoofl \

If it is bounded above and below, then {a,} is a bounded sequence.
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Monotonic Sequence Theorem Every bounded, monotoni¢)sequence is
convergent.
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ex. Ewp e lm a
~— n=
A B
o [n EEE, ,
2 1 1.414213562
3 2 1.847759065
4 3 1.961570561
5 4 1.990369453
6 5 1.997590912
7 6 1.999397637
8 7 1.999849404
9 8 1.999962351
10 9 1.999990588
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