THEOREM 2 Multiplication Principle (for Counting)

1. If two operations O; and O, are performed in order, with N, possible outcomes
for the first operation and N, possible outcomes for the second operation, then
there are

Nl'N2

possible combined outcomes of the first operation followed by the second.
2. In general, if n operations Oy, O,, . . ., O, are performed in order, with possible
number of outcomes Ny, N, . . ., N,, respectively, then there are

N;*Ny+---+N,

possible combined outcomes of the operations performed in the given order.
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Example .

Suppose a company requires it customers to create a PIN composed of 4 digits O-9.
[ How many PINs are possible?

2. How many PINs are possible if successive digits must be different?
3. How many PINs are possible if each digit must be distinet?
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DEFINITION Permutation of n Objects Taken r at a Time

A permutation of a set of n distinct objects taken r at a time without repetition is an
arrangement of r of the n objects in a specific order.



THEOREM 2 Number of Permutations of n Objects Taken r at a Time
The number of permutations of » distinct objects taken r at a time without repetition

r factors

is given by*
sP, = 5+ 4 factors

L=nn—1)(n—=2)-+(n—r+1)

5!

(5 —2)!

or
n!
O0=r=n

P =——
n-r (n _ ”')'
= n! permutations of n objects taken n at a time.

n! n!

Note: P, = ——— =
" (n—=n)! 0!

Remember, by definition, 0! = 1.
* In place of the symbol ,P,, the symbols P/, P, ,, and P(n, r) are often used.
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Example 2.
A musician hag written and recorded 22 songg. If she want to release [0 of these songs as an album (order
matters!), how many possible ways are there for her to do thi¢?
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Example 3.

A mugician hag written a song with the following structure:

Verse, Chorus, Verse, Chorus, Bridge, Verse, Chorus.

Now a lyriciste has written 5 different verses, 2 different choruses, and 3 different bridges. If each verse

must be different, and each chorus mu ame, how many songs can
the given structure?
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DEFINITION Combination of n Objects Taken r at a Time

A combination of a set of n distinct objects taken r at a time without repetition is
an r-element subset of the set of n objects. The arrangement of the elements in the
subset does not matter.
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Example 4.
How many ways are there to choose 3 aces from a standard deck of 52 cards if the order

doesn’t matter?
D nes Pl Y AcS

Let S, C, H, and D represent the ace of spades, ace of clubs, ace of diamonds, and ace

of hearts, respectively.
b\?s * 2
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QCH, SHC, CSH, CHS, HSC, HES, «_ 4
(. { CHD,CDH,HCD,HDC,DCH,DHC, + 7= 4
"3 | HDS HAD,DHS, DSH, SHD. SDH,
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THEOREM 3 Number of Combinations of n Objects Taken r at a Time

The number of combinations of n distinct objects taken r at a time without repeti-
tion is given by*

(") = (%)
nCr = 5205 =
r 5
P P
r! S!
n! 0<r< 52!
= = =r=mn =
r'(n —r)! 5!1(52 — 5)!

* In place of the symbols ,C, and <n> the symbols C7, C,, and C(n, r) are often used.
r

Example 5.

If you flip a coin 20 times, you get a sequence of heads (H) and tails (T).

[ How many different sequences of heads and tails are possible?

2. How many different sequences of heads and tails have exactly 8 heads?
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Example 6.
How many ways are there to walk from corner of W 44 St and th Ave to the corner of W

57 St and 8th Ave, assuming you do not go out of your way (only walk north and east)?
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Example 7.

The fish section of a pet store is stocked with 8 guppies, 6 angelfish, [3 goldfish, and 9
rainbowfigh.

[ How many ways are there to select one of each?

2. How many ways are there to gelect two of each?

3. How many ways are there to gelect 7 figh, if you must select at least one of each?
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Example 9.

Suppose you want to give each of your 4 nieces/nephews a Chrigtmas card
containing some money. You have ten (identical) $20 bills that you want to
distribute between the 4 (distinet) envelopes o that no envelope containg $0. How
many ways are there to do this?
https://en.wikipedia.org/wiki/Stars_and_bars_(combinatorice)
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