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8.3 Probability Applications of Counting Principles
Example/Discussion Problems

1. A drawer contains 6 new batteries and 4 old batteries, and 2 batteries are selected at

random. Find the probability that both batteries are new.

2. A club with 5 first-year students, 6 sophomores, 7 juniors, and 8 seniors randomly chooses

4 people to run their booth at the club fair.

(a) What is the probability that all 4 are seniors?

(b) What is the probability that all 4 are from the same class?

(c) What is the probability that all 4 are from different classes?

3. Suppose the letters in the word PEPPERONI are randomly rearranged.

(a) What is the robability that the 3 P’s are all next to each other?

(b) What is the robability that the 2 E’s are all next to each other?

4. Three red birds, 4 blue birds, and 5 green birds all land on one branch of a tree. What is

the probability that the birds randomly arrange themselves by color?

5. Twenty candies are split randomly between 2 children. What is the probability that each

child gets 10 candies?
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aces and 2 eights is not the same as a full house of 3 eights and 2 aces). From the 4 cards
that have the second value, there are ways to choose 2. The probability of any
full house is then

As an alternative way of counting the numerator, first count the number of 
different values in the hand.* Since there are 13 values from which to choose, and we
need 2 different values (one for the set of 3 cards and one for the set of 2), there are

ways to choose the values. Next, of the two values chosen, select the value for
which there are 3 cards, which can be done ways. This automatically determines
that the other value is the one for which there are 2 cards. Next, choose the suits for
each value. For the value with 3 cards, there are values of the suits, and for the
value with 2 cards, there are values. Putting this all together,

TRY YOUR TURN 4

Letters

Each of the letters w, y, o, m, i, n, and g is placed on a separate slip of paper. A slip is pulled
out, and its letter is recorded in the order in which the slip was drawn. This is done four times.

(a) If the slip is not replaced after the letter is recorded, find the probability that the word
“wing” is formed.

SOLUTION The sample space contains all possible arrangements of the seven letters,
taken four at a time. Since order matters, use permutations to find the number of
arrangements in the sample space.

Since there is only one way that the word “wing” can be formed, the required probabil-
ity is .

(b) If the slip is replaced after the letter is recorded, find the probability that the word
“wing” is formed.

SOLUTION  Since the letters can be repeated, there are 7 possible outcomes for each draw
of the slip. To calculate the number of arrangements in the sample space, use the multipli-
cation principle. The number of arrangements in the sample space is and the
required probability is TRY YOUR TURN 5

Birthdays

Suppose a group of n people is in a room. Find the probability that at least 2 of the people
have the same birthday.

SOLUTION “Same birthday” refers to the month and the day, not necessarily the same
year. Also, ignore leap years, and assume that each day in the year is equally likely as a
birthday. To see how to proceed, we first look at the case in which n 5 5 and find the
probability that no 2 people from among 5 people have the same birthday. There are 365
different birthdays possible for the first of the 5 people, 364 for the second (so that the
people have different birthdays), 363 for the third, and so on. The number of ways the 
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YOUR TURN 5 Find the
probability that the word “now” is
formed if 3 slips are chosen without
replacement in Example 5. Find the
probability that the word “now” is
formed if 3 slips are chosen with
replacement.

*We learned this approach from Professor Peter Grassi of Hofstra University.

EXAMPLE  5

EXAMPLE  6

YOUR TURN 4 In Example 4,
what is the probability of a hand
containing two pairs, one of aces
and the other of kings?  (This hand
contains 2 aces, 2 kings, and a fifth
card that is neither an ace nor a king.)

Method 2
Alternative Procedure
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5 people can have different birthdays is thus the number of permutations of 365 days
taken 5 at a time or

The number of ways that 5 people can have the same birthday or different birthdays is

Finally, the probability that none of the 5 people have the same birthday is

The probability that at least 2 of the 5 people do have the same birthday is

Now this result can be extended to more than 5 people. Generalizing, the probability
that no 2 people among n people have the same birthday is

The probability that at least 2 of the n people do have the same birthday is

The following table shows this probability for various values of n.

1 2
P 1 365, n 2

365n  .

P 1 365, n 2
365n  .

0.0271.
1 2 0.9729 5
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< 0.9729.

365 . 365 . 365 . 365 . 365 5 1 365 2 5.P 1 365, 5 2 5 365 . 364 . 363 . 362 . 361.

The probability that 2 people among 23 have the same birthday is 0.5073, a little more than
half. Many people are surprised at this result; it seems that a larger number of people
should be required.

Using a graphing calculator, we can graph the probability formula in the previous example as a function
of n, but care must be taken that the graphing calculator evaluates the function at integer points. Figure 7
was produced on a TI-84 Plus by letting Y1 = 1 — (365 nPr X)/365`X on (This
domain ensures integer values for x.) Notice that the graph does not extend past This is because

and are too large for the calculator when
An alternative way of doing the calculations that does not run into such large numbers is based

on the concept of conditional probability. The probability that the first person’s birthday does not
match any so far is The probability that the second person’s birthday does not match the
first’s is The probability that the third person’s birthday does not match the first’s or the364/365.

365/365.

n $ 40.365nP 1 365, n 2 x 5 39.
0 # x # 47.

5 0.0271
10 0.1169
15 0.2529
20 0.4114
22 0.4757
23 0.5073
25 0.5687
30 0.7063
35 0.8144
40 0.8912
50 0.9704

366 1

Number of People, Probability That Two
n Have the Same Birthday

0 47

1

0

FIGURE 7

TECHNOLOGY NOTE

Figure 1: When 23 people or more gather together, it is more likely that at least 2 people

share the same birthday than not.
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