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5.3 Present Value of an Annuity, Amortization

Future vs Present Value of an Annuity

Example 1. Dr. A and Dr. Z go to the same investment firm and open identical accounts that earn
3.6% annual interest compounded monthly.

• Dr. A makes periodic payments of R dollars at the end of every month.

• Dr. Z makes one deposit of P dollars immediately and no further deposits.

After 5 years, both accounts have a balance of $10,000. Find R and P .

Remark 1. We can use future value as a way of equating these different payment structures: money
up front vs periodic payments. Voila! Structured loans like credit cards and mortgages!CHAPTER 5 Mathematics of Finance210

Present Value of an Ordinary Annuity
The present value P of an annuity of n payments of R dollars each at the end of consecu-
tive interest periods with interest compounded at a rate of interest i per period is

.

Don’t confuse the formula for the present value of an annuity with the one for the
future value of an annuity. Notice the difference: the numerator of the fraction in
the present value formula is but in the future value formula, it is

The financial feature of the TI-84 Plus calculator can be used to find the present value of an annuity
by choosing that option from the menu and entering the required information. If your calculator does
not have this built-in feature, it will be useful to store a program to calculate present value of an annu-
ity in your calculator. A program is given in the Graphing Calculator and Excel Spreadsheet Manual
available with this book.

Present Value of an Annuity

John Cross and Wendy Mears are both graduates of the Brisbane Institute of Technology
(BIT). They both agree to contribute to the endowment fund of BIT. John says that he will
give $500 at the end of each year for 9 years. Wendy prefers to give a lump sum today.
What lump sum can she give that will equal the present value of John’s annual gifts, if the
endowment fund earns 7.5% compounded annually?

SOLUTION Here, and and we have

Therefore, Wendy must donate a lump sum of $3189.44 today. TRY YOUR TURN 1

One of the most important uses of annuities is in determining the equal monthly pay-
ments needed to pay off a loan, as illustrated in the next example.

Car Payments

A car costs $19,000. After a down payment of $2000, the balance will be paid off in 36
equal monthly payments with interest of 6% per year on the unpaid balance. Find the
amount of each payment.

SOLUTION A single lump sum payment of $17,000 today would pay off the loan. So,
$17,000 is the present value of an annuity of 36 monthly payments with interest of

per month. Thus, and we must find the
monthly payment R in the formula

A monthly payment of $517.17 will be needed. TRY YOUR TURN 2

 R < 517.17.

 17,000 5 R c 1 2 1 1.005 2236

0.005
d P 5 R c 1 2 1 1 1 i 22n

i
d i 5 0.005,n 5 36,P 5 17,000,6% /12 5 0.5%

P 5 R . a 900.075 5 500 c 1 2 1 1.075 229

0.075
d < 3189.44.
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11 1 i 2n 2 1.
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P 5 R c 1 2 1 1 1 i 22n

i
d  or  P 5 Ra n0 i 

EXAMPLE  1

EXAMPLE  2

YOUR TURN 1 Find the
present value of an annuity of $120
at the end of each month put into an
account yielding 4.8% compounded
monthly for 5 years.

YOUR TURN 2 Find the car
payment in Example 2 if there are
48 equal monthly payments and the
interest rate is 5.4%.

CAUTION

APPLY IT 

TECHNOLOGY NOTE

Example 2. Wendy has $4,200 of debt on a credit card that charges 28.8% annual interest, and she
wants to pay off her debt in 14 equal monthly payments of R dollars. Find R.
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Each payment in Example 2 includes interest on the unpaid balance, with the remainder
going to reduce the loan. For example, the first payment of $517.17 includes interest of

and is divided as follows.

monthly interest to reduce
payment due the balance

At the end of this section, amortization schedules show that this procedure does reduce the
loan to $0 after all payments are made (the final payment may be slightly different).

Amortization A loan is amortized if both the principal and interest are paid by a
sequence of equal periodic payments. In Example 2, a loan of $17,000 at 6% interest com-
pounded monthly could be amortized by paying $517.17 per month for 36 months.

The periodic payment needed to amortize a loan may be found, as in Example 2, by
solving the present value equation for R.

Amortization Payments
A loan of P dollars at interest rate i per period may be amortized in n equal periodic
payments of R dollars made at the end of each period, where

.

Home Mortgage

The Perez family buys a house for $275,000, with a down payment of $55,000. They take
out a 30-year mortgage for $220,000 at an annual interest rate of 6%.

(a) Find the amount of the monthly payment needed to amortize this loan.

SOLUTION Here and the monthly interest rate is *
The number of monthly payments is Therefore,

Monthly payments of $1319.01 are required to amortize the loan.

(b) Find the total amount of interest paid when the loan is amortized over 30 years.

SOLUTION The Perez family makes 360 payments of $1319.01 each, for a total of
$474,843.60. Since the amount of the loan was $220,000, the total interest paid is

This large amount of interest is typical of what happens with a long mortgage. A 
15-year mortgage would have higher payments but would involve significantly less interest.

(c) Find the part of the first payment that is interest and the part that is applied to reducing
the debt.

SOLUTION During the first month, the entire $220,000 is owed. Interest on this
amount for 1 month is found by the formula for simple interest, with inter-
est rate and in years.

I 5 Prt 5 220,000 10.06 2  

1
12

5 $1100

t 5 time
r 5 annual

$474,843.60 2 $220,000 5 $254,843.60.

R 5
220,000
a 36000.005

5
220,000c 1 2 1 1.005 22360

0.005
d 5 1319.01.

12 1 30 2 5 360.
i 5 0.06 /12 5 0.005.P 5 220,000

R 5
Pc1 2 1 1 1 i 22n

i
d 5

Pi
1 2 1 1 1 i 22n or R 5

P
a n0 i

$517.17 2 $85 5 $432.17

0.005 1$17,000 2 5 $85

EXAMPLE  3

*Mortgage rates are quoted in terms of annual interest, but it is always understood that the monthly rate is 1/12 of
the annual rate and that interest is compounded monthly.
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Ammortization Tables

Example 3. You’ve been approved for a $300,000 thirty year mortgage that charges 8% annual
interest compounded monthly.

(a) What are your monthly payments?

(b) How much of your first payment goes toward paying off interest, and how much goes toward
paying off the principal?

(c) How much of your 100th payment goes toward paying off interest, and how much goes toward
paying off the principal?

(d) How much of your 359th payment goes toward paying off interest, and how much goes toward
paying off the principal?

You may use this Ammortization Table
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https://docs.google.com/spreadsheets/d/1jmdcq4ahQIVJHfkYs-kYTbyKteBBkBXHvynMb9y3HFs/edit?usp=sharing

